The bone healing process involves a sequence of cellular action and interaction, regulated by biochemical and mechanical signals. Experimental studies have shown that ultrasound accelerates bone solidification and enhances the underlying healing mechanisms. An integrated computational model is presented for deriving predictions of bone healing under the presence of ultrasound.
I. INTRODUCTION
Several mechanoregulatory models have been presented in the literature to elucidate the underlying healing mechanisms and derive quantitative criteria that describe how mechanical stimulation affects tissue differentiation, growth, adaptation and maintenance during bone healing. In most cases local mechanical variables are assumed to stimulate cell expression and regulate tissue composition and structure. Several loading schemes have been investigated which mainly include force application at the boundary, force transmission through the tissue matrix, mechanosensation and transduction by cells, and transformation of extracellular matrix characteristics [1] . The vast majority of the computational studies assume that bone is subjected to force and investigate how this force is transmitted through tissue and cells during the bone healing process.
Some 2D computational models also include biological processes such as cell proliferation, differentiation and apoptosis [2, 3] . The biphasic composition of all the tissue materials taking part in the healing course was taken into account using the theory of poroelasticity. Cell movement was also mathematically modelled using the diffusion equation as a first approximation. Cells were assumed to move through a channel of width equal to unity using the Finite Element (FE) method. The model included an iterative procedure that first calculates the biophysical stimuli in the poroelastic mechanical component for specific loading conditions, geometrical and material properties, then predicts the tissue type to be formed, and finally updates the new tissue phenotype. The process was looped until no more changes exist in the biophysical stimuli. A few years later a 2D continuum model of tissue regeneration including a system of partial differential equations, was presented which derived qualitative and quantitative predictions of spatiotemporal distribution of the different tissues [4] . Evaluation of the results was performed by making comparisons with in vivo experimental observations. The findings of this model were also demonstrated later in [5] by simulating a semi-stabilised murine tibial fracture and comparing the computational results with experimental observations. According to the iterative procedure that was presented the domain of interest (i.e. the bone chamber or the fracture callus) is initially filled with a low density fibrous tissue, the mechanical stimuli are then calculated from the FE analyses and the bioregulatory model is then adapted [2] . Then simulations of the proposed biological model were derived for a specific time, dependent on the regeneration process. The biological model was described by a coupled system of nonlinear partial differential equations (PDEs) and effectively combined variables such as vascular growth factor density, endothelial cell concentration and vascular matrix density as well as processes such as chemotaxis, osteogenic differentiation and chondrocyte hypertrophy. Before the next iteration, the new material properties of the tissues in the domain were updated using relations that combined material properties with the local matrix densities of bone, cartilage and fibrous tissue at each grid cell in the domain [5] . More recently a mechanoregulatory model was proposed for tissue differentiation prediction [6] . The model also accounted for the simulation of angiogenesis, i.e., blood vessel network formation and tissue regeneration in the bone/implant interface.
Experimental studies have shown that ultrasound significantly affects bone healing mechanisms by enhancing blood vessel formation due to alterations in the transport of fibroblast growth factor, and vascular endothelial growth factor (VEGF), which are related to angiogenesis. In [7, 8] ultrasound was applied to human mandibular osteoblasts, gingival fibroblasts and peripheral blood mononuclear cells. Experiments of Low Intensity Pulsed Ultrasound (LIPUS) application on osteoporotic fracture rat models has also shown an upregulation in VEGF expression at week 4-8 post-fracture, which indicated increased amounts of new blood vessel formation [9] . The authors suggested that LIPUS affects angiogenesis during the callus remodeling phase of the osteoporotic fracture healing process. Despite the intensive work in the field of bone mechanobiology the effect of ultrasound in angiogenesis and bone healing mechanisms has never been addressed. In this work we propose a bioregulatory model for bone healing and angiogenesis predictions under the effect of ultrasound. The model includes an iterative procedure based on [2, 3, 6] in which (1) a mechanical model of healing bone, (2) a diffusion model and (3) a model of angiogenesis are coupled to derive predictions of bone solidification under the ultrasound effect. Ultrasound is assumed to primarily affect the evolution of VEGF. The predictive capacity is evaluated by showing that it can correctly predict several aspects of bone healing. The exact cellular mechanisms that lead to acceleration of bone healing due to ultrasound are elucidated.
A mechano-regulatory model for bone healing predictions under the influence of ultrasound

II. MATERIALS AND METHODS
A. Mechanical Model of healing bone
A spatial domain from a real callus geometry of a standardized femoral rodent fracture [10, 11] was employed for mechanical, diffusion and angiogenesis analyses (Fig.1a ). The one-fourth of the cross-section was used due to symmetry issues. All the materials were assumed poroelastic and were modeled as a mixture of a solid and fluid constituents present at each material point. The fracture gap was 0.5 mm and the external callus' maximum diameter was 3 mm. The poroelastic model was consisted of 3 regions with properties equal to those of cortical bone, bone marrow, and granulation tissue ( Fig. 1b ). All the materials were assumed poroelastic being modeled as a mixture of solid and fluid constituents at each material point. The material properties of all tissues that take part in the healing process are in similar to those in [3] . Numerical simulations were performed using the Finite Element Method (FEM). The bone was subjected to an axial ramp loading of 500 N which is in accordance with [3] and the biophysical stimuli were derived.
B. Diffusion model
The proposed diffusion model includes 11 differential equations as presented in [1] describing the spatiotemporal variation of mesenchymal stem cells (cm), fibroblasts (cf), chondrocytes (cc), osteoblasts (cb), endothelial cells (cv), fibrous extracellular matrix (mf), cartilaginous extracellular matrix (mc), bone extracellular matrix (mb), generic osteogenic (gb), chondrogenic (gc) and vascular endothelial growth factors (VEGF) (gv) as well as the concentration of oxygen and nutrients (n).
The partial differential equations (PDE) are similar to those presented in [10] extended by i) the inclusion of an additional equation describing the spatiotemporal evolution of ultrasound acoustic pressure and ii) appropriately modifying the equation that describes the spatiotemporal evolution of VEGF.
More specifically the spatiotemporal evolution of VEGF and ultrasound is given by:
gvb gvc EE are given in [10] and , bc cc are the concentrations of osteoblast and chondrocytes calculated from PDEs as described in [10] .
To account for the effect of ultrasound on angiogenesis we introduce in Eq. (2) the contribution of interstitial fluid pressure p by inserting the term v Kp g  where K is the hydraulic conductivity of the interstitium as described in [13] . However in [14] , when a fluid-saturated porous medium is subjected to a small amplitude oscillatory pressure gradient. i.e., under the ultrasound presence, the pressure fluctuation causes micro fluid flow and release the differential pressure. This is described by:
were Dp is the diffusivity of the ultrasound acoustic pressure described in [14] .
B. Angiogenesis model
The proposed angiogenesis model is based on [10, 12] . Blood vessels are represented by a discrete variable cv. When the space contains a vessel, cv is set to 1, otherwise 0 v c  . The evolution of cv is determined by blood vessel growth, branching and anastomosis. The approach for modeling blood vessel network is based on the solution of tip cell velocity equations in accordance to those presented in [10] .
The geometry of the fracture callus, the boundary conditions and the initial positions of the tip cells are depicted in Fig. 1c . The diffusion and the angiogenesis models are solved on a 2D grid with a grid cell size of 25 μm. The derived ordinary differential equations (ODE) are integrated in time using ROWMAP, a ROW-code of order 4 with Krylov techniques for large stiff ODEs [10] .
C. Adaptive tissue differentiation model
The iterative procedure that integrates the three models is described in Fig. 2 . Initially for t=0 the callus tissue is assigned with granulation tissue filled with mesenchymal stem cells. An initial load of 500N is applied on the mechanical model. Simultaneously the diffusion and angiogenesis models are also solved as separate procedures for the same time interval as the whole procedure (i.e., for 35 weeks post fracture). For each timestep (i.e., initially for t=0) and element the biophysical stimuli S, derived from the mechanical model, and the value of cv (i.e., the existence of a blood vessel), derived from the angiogenesis model will be introduced in the mechanoregulatory algorithm. According to this algorithm, the combined effect of deviatoric strain and fluid velocity regulates cell and tissue differentiation [6] . The value of S was determined by the magnitudes of deviatoric shear strain (SS) in % and fluid velocity (FV) in microm/s as:
SS FV S  
According to the algorithm four tissue phenotypes can be predicted i.e., Therefore, as the mechanical stimuli of each element representing the fracture change, the tissue phenotype may change and the material properties as well. In order to avoid sudden changes in material properties due to the highly nonlinear coupled equations a smoothing procedure was introduced typically used in mechanobiology studies [2, 3] .
The rule of mixtures was also used for the determination of the homogenised material properties of each element since at a specific timestep it may still be partially composed with granulation tissue. For the Young's modulus the rule has the following form:
where Efinal is the final Young's modulus, Egran is the Young's modulus of the granulation tissue, Cmax is the maximum mesenchymal cell concentration, Ccell is the mesenchymal cell concentration, derived from the diffusion model and Eupd is the Young's modulus determined from the smoothing procedure. It should be noted that in the integrated model we account for the presence only of the mesenchymal cells i.e., in the rule of mixtures only the concentrations of the mesenchymal cells are employed as calculated from the system of the PDEs. The final material properties at each point were determined and the callus geometry was updated to include new regions with the same material properties. The process was looped until mechanical stimuli are not modified and a plateau is reached.
III. RESULTS
The evolution of the tissue density in the callus during normal healing under the presence of ultrasound is presented in Fig. 3 . However we should note that these results derive from the diffusion and angiogenesis model. Calculations were performed for Dp=0.002, and K=0.1.
Mesenchymal stem cells, fibroblasts and growth factors insert into the callus from the surrounding tissues. Near the cortex and at a distance from the fracture gap the mesenchymal stem cells differentiate into osteoblasts while in the remainder they differentiate into chondrocytes. When the cartilage density reaches a threshold, chondrocytes become hypertrophic and lead to the start of the angiogenesis process by producing vascular growth factor. This occurs in the periosteal callus at day 3 post fracture (PF) and in the endosteal at day 7.
Comparisons with results without the ultrasound presence (not presented herein) angiogenesis in the endosteal callus starts 1 week later (PFW 2). Thereafter the vessels deliver oxygen and nutrients leading to endochondral ossification. The fracture gap is then gradually filled with bone while the cartilage and the fibrous tissue densities decrease. Meanwhile, blood vessels grow and create branches which develop a network which occupies the whole callus region and supplies the complete fracture. Bone healing process is completed at day 23.
IV. DISCUSSION
We presented a mechanobiological model for predicting bone healing under the presence of ultrasound. Our first results from the diffusion and angiogenesis models showed that the presented approach successfully describes significant events of normal fracture healing process such as intramembranous and endochondral ossification. By comparing with the results from [9] it was found that ultrasound leads to an earlier onset of angiogenesis and causes an upregulation in VGEF expression in weeks 3 and 4 post fracture leading to increased amounts of new blood vessel formation and accelerated bone healing. These findings are in accordance with previous experimental findings [7, 8, 9] .
Regarding the values of the parameters Dp, an extensive parametric analysis has been performed which is not presented herein. In all the examined cases the parameters were assigned with values at the order to most of the parameters used in the initial model without accounting for the ultrasound effect and lead to reasonable results. For Dp,=0.002 and K=0.1 the most stable gradients of acoustic pressure p were derived. The values were nondimensionalized as proposed in [10] . However a parametric analysis for smaller K is necessary and is in progress. Furthermore results from simulations of the integrated model including the pooroelastic model are necessary in order to derive safe conclusions.
V. CONCLUSION
An integrated model for bone ossification predictions under the ultrasound effect was presented. Some first results made clear that ultrasound enhances the mechanisms of new blood vessel formation and growth leading thus to accelerated bone fracture healing formation. This study could be an important tool in furthering the understanding of ultrasound mechanisms that enhance bone healing.
